Abstract
Introduction
In this text we try to discuss the possibility to use finite mixture models in order to describe the probability distribution of the duration of unemployment in the Czech Republic in 2010. Suitable models for this phenomenon can be useful for all who are interested in this serious problem affecting strongly the society. Data dealing with the unemployment from different points of view are used by national or international authorities, business or media, and other public institutions. Also the general public is interested in changes in unemployment. When describing unemployment, the unemployment rate is frequently used. This characteristic (there are more definitions, Czech Statistical Office, 2014) is used to characterize the development of unemployment, regional differences or differences between countries. For recent analyses of the unemployment in the Czech Republic we refer to Čabla, 2012 , Löster, Langhamrová, 2011 or Pavelka, Löster, 2013 . There is a huge literature dealing with the problem of unemployment duration modelling from economic, econometric 165 or statistical point of view. The serious negative consequences of unemployment are discussed for example in Jürges, 2007. In this contribution the parametric approach is used and four two-parametric probability distributions (lognormal, loglogistic, Weibull and gamma) are fitted into data and they are also used as the component distributions in mixture models. The Turnbull nonparametric estimate of survival function (Lawless, 2003) is also used to describe the distribution of the length of unemployment spell. Wichert and Wilke (2008) construct nonparametric model for unemployment in Germany up to 2001 and dependencies on age or previous wage are shown.
In this text we try to quantify differences between groups in the Czech labour market given by gender (we can be interested whether the unemployment for women tends to be longer than for men) or education (the impact of high education on the unemployment duration is of interest).
A mixture of probability distributions might be a useful tool to describe very nonhomogenous distribution of the length of unemployment spell and include influence of above mentioned factors.
Methodology
In this part a finite mixture of probability density is defined and its properties that are used in this article are given (McLachlan, Peel, 2000) . Suppose now, that T is positive time to event random variable with continuous distribution (the duration of unemployment, time to finding a job). We will denote f density, F cumulative distribution function, S survival
As the distribution of T should be positively skewed and heavy tailed probability distribution, quantile characteristics median 
For the hazard rate of a mixture we obtain (Lawless, 2003) 
It follows from this formula (8) that the hazard rate of a mixture is the weighted average of component hazards, but the weights depend on t and component survival functions.
Maximum likelihood estimates of unknown parameters (in (4) - (7) for K=1 (one distribution), K=2 (gender) a K=3 (education)) were used in parametric models.
All computations were performed in the program R (R CORE TEAM, 2014), package FITDISTRPLUS (Delignette-Muller et al., 2014) was used to estimate parameters. This package the estimates for gamma distribution a shape parameter and a rate parameter, the scale parameter was evaluated as 1/rate and standard deviation was estimated with the use estimated standard deviation of rate parameter and second order Taylor approximation. Standard deviations of estimated parameters are provided by the procedure fitdistcens, 90% confidence limits for estimated quantiles were obtained by the procedure bootdistcens, where bootstrap is used for the construction of limits. Number of resamples was set to 1,000.
Package SURVIVAL (Therneau, Grambsch, 2000, Therneau, 2014) includes procedures for evaluating nonparametric estimates for interval censored data and Turnbull estimates were evaluated and plotted in this package. The package FAdist (Aucoin, 2012) was used for calculations with loglogistic distribution.
Results
In the analysis data from the Labour Force Sample Survey (LFSS) organised quarterly by the Czech Statistical Office were used (Czech Statistical Office, 2014). Declared unemployment spell was used from the survey that provides thorough information about employment and unemployment in the Czech households. All unemployed respondents with unemployment spell under two years in five consecutive surveys (one year, surveys from the first quarter of 2010 to the first quarter of 2011) were included together with information about gender and education. This dataset consists of 4,482 respondents (2,245 men and 2,237 women). From these people only 886 (20%) were registered in local Labour Office and obtained unemployment benefits, 1,842 were registered without obtaining benefits and 1,750 were even unregistered. More detailed description of the data is given in Čabla, 2012. In the Table 1 In the Table 2 the quantile characteristics of the level and variability are provided. Median as a characteristic of the location and quantile deviation (both characteristics are given in months) as a characteristic of variability are given, medians for the whole population and subgroups were evaluated with the use of bootstrap, for the mixture these values were evaluated numerically from the estimated mixture distribution. The positive impact of the education is visible for all distributions; the only median less than one year is that in the group with tertiary education (10.99-11.63 months). We can see comparable estimates in all probability distributions, usually varying within one month. The highest variability is in the group of the unemployed with basic education.
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All models were compared with Bayesian information criterion BIC, the lowest value of BIC the better model. From the Table 3 the superiority of lognormal distribution as a distribution for components is obvious. Moreover the estimation in this distribution seems to be more numerically stable with no problems even in 1,000 bootstrap replications. The model is constructed based on given explanatory variables; the results do not lead to better model (with respect to the BIC criterion). The model with two components (gender, K = 2) has 5 parameters to be estimated, in case of 3 components (education, K = 3) it is 8 parameters that are reflected in the BIC value. Comparing overall model with two mixture models graphically, the differences between mixtures and one component model are negligible. In the Figure 1 estimated cumulative distribution function are shown (one distribution, K=1) for the whole dataset together with Turnbull nonparametric estimate (step function with 90% confidence limits). We can see very similar functions in the time limits where we have observations (under 24 months). Moreover we can see long steps of Turnbull estimate due to the type of data with long censoring intervals. In our data (due to the limitations set on the unemployment duration) we cannot estimate survival function after 20 months of unemployment. On the other hand it is possible to extend the estimated (parametric) cumulative density function or survival function to longer unemployment spells.
In the Figure 2 the hazard rate functions are illustrated for both mixture models (together with component hazard rates). These functions have maximal values (the higher intensity of finding a new job) at 10.8 months for men, 11.8 months for women (the mixture at 11.5 months), 17.3 months for basic, 11.2 months for secondary and 8.8 months for tertiary education (mixture at 11.0 months). Hazard rates for both mixtures are very similar. In the Figure 3 the Turnbull estimate of overall unemployment duration is compared with the mixture of Turnbull estimates in subgroups (with mixing proportions estimated by relative frequencies). This procedure combines nonparametric and parametric approach. 
Conclusion
In the text various models for the unemployment duration in the Czech Republic are constructed, unknown parameters are estimated and characteristics of location and variability are given.
In the analysed period the results from four used distributions are similar, however the lognormal distribution seems to be superior. Moreover the mixture model does not improve the fit. We obtain information about components, but the resulting model is not better (measuring by BIC or graphically). We may conclude (with caution) that the duration of unemployment in the Czech Republic in 2010 can be modelled with the use of single lognormal distribution, mixture models with explanatory variables gender and education are comparable.
Mixture models give quantification of differences between subgroups. In this text we used median, quantile deviation and maximum of hazard rate. If we use lognormal distribution of components and median duration of unemployment, women have median duration of unemployment 15.8 months comparing to 14.3 month for men (difference of 1.5 months). Positive impact of education can be described by median durations of 23.7 months for basic education, 14.1 for secondary education and 11 months for tertiary education (more than one year long interval). Variability is greater for women than for men, for basic education than for secondary and tertiary education. All hazard functions have one maximum.
